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Abstract
The following result is proved that corrects an error in an earlier paper. Every non-planar cyclically
3-edge connected 3-regular graph G contains an even circuit C for which G− E(C) is connected.
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Unfortunately, an error occurs in “On removable even circuits in graphs,” P.A. Sinclair,
Discrete Mathematics 286 (2004) 177–184. The graph of Fig. 1 is planar rather than non-
planar as stated.The following theorem shows that in fact every non-planar cyclically 3-edge
connected 3-regular graph G contains an even circuit C for whichG−E(C) is connected.
1. Deﬁnitions and notation
Let a (2, 3)-graph be a graph in which each vertex has degree 2 or 3. A vertex of degree
3 in a (2, 3)-graph will be referred to as a node. We will assume that in a (2, 3)-graph the
set of nodes is not empty. Let s(G) denote the result of suppressing all vertices of degree 2
in a (2, 3)-graph G. Let a branch in a (2, 3)-graph G be a path in G for which precisely the
end vertices of the path are nodes. If nodes x and y have a branch B connecting them, then
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we will write B[x, y]; there is no ambiguity here as the graphs considered have at most
one branch connecting any two nodes. Let v be a node of G. Then G−Bv is the graph that
results from deleting the node v and the non-terminal vertices of each of the branches that
include v as a terminal vertex. A removable even circuit in a (2, 3)-graph G is a circuit C
such that: |E(C)| is even, and the graph left after all isolated vertices have been removed
fromG−E(C) is connected. Let a cyclic 3-edge cut be called trivial if one side of the cut
contains just one circuit and that circuit is a 3-circuit.
2. Result
In [1] the following result is proved.
Theorem 1. Let G be a planar embedding of a 2-connected 3-regular graph. If each face
of G is bounded by an odd circuit, then G− E(C) is disconnected for each even circuit C
in G.
However, for non-planar graphs we have the following.
Theorem 2. Let G be a cyclically 3-edge connected non-planar (3, 2)-graph such that
s(G) is a cyclically 3-edge connected cubic graph. Then G has a removable even circuit.
Proof. Suppose that the theorem is false and let G be a counter example chosen to be
minimal with respect |V (G)|. We ﬁrst need to show that G does not contain any non-trivial
cyclic 3-edges cuts. Suppose that this is not the case and let S=[A,B]={e1, e2, e3} be such
a cut. LetG1=G/B with {b}=V (G1)\V (A), and letG2=G/Awith {a}=V (G2)\V (B).
Clearly, one of G1 and G2 is non-planar, say G1. In G1 there exists a set of three induced
non-separating circuits C = {C1, C2, C3} such that e1, e2 ∈ E(C1), e2, e3 ∈ E(C2) and
e1, e3 ∈ E(C3). Similarly, in G2 there exists a set of three induced non-separating circuits
C′ = {C′1, C′2, C′3} such that e1, e2 ∈ E(C′1), e2, e3 ∈ E(C′2) and e1, e3 ∈ E(C′3). If Ci and
C′i have the same parity for some 1 i3, then they clearly give rise to a removable even
circuit in G, resulting in a contradiction. Suppose that the circuits in C are all even, and
therefore that the circuits in C′ each have odd length. Replace b in G1 with a three circuit
T connected to A by {e1, e2, e3} so that the new graph G′1 is a (2, 3)-graph. By minimality,
there exists an even removable circuit C inG′1. If V (C)∩ V (T )=∅ then C is a removable
circuit in G, and if V (C) ∩ V (T ) = ∅ such that ei, ej ∈ E(C) then C with the circuit
from C′ that includes ei and ej gives rise to a removable even circuit in G, a contradiction.
Suppose now that each circuit in C has odd length and necessarily each circuit in C′ has
even length. By minimality, there exists a removable even circuit C inG1. If b /∈V (C) then
C is a removable even circuit inG and if b ∈ V (C) then Cwith the corresponding circuit in
C′ gives rise to a removable even circuit in G, a contradiction. Suppose then that precisely
two of the circuits in C are even and therefore that precisely two of the circuits in C′ are
odd. Then a new (3, 2)-graph G′1 is obtained from G1 by replacing b with a 3-circuit, as
before, and subdividing the edge ei common to both of the odd circuits. A removable even
circuit exists in G′1, by minimality, and this again gives rise to a removable even circuit
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in G, a contradiction. Finally, suppose that there is precisely one even circuit in C and
therefore precisely one odd circuit in C′. In this case a new graph G′1 is obtained from G1
by subdividing the edge ei common to both of the even circuits inG1. By minimality, there
exists a removable even circuit in G′1 and this circuit gives rise to a removable even circuit
in G as before, a contradiction.
Hence, the only cyclic 3-edge cuts in G are trivial. Let T be the set of all circuits in G
corresponding to 3-circuits in s(G). Suppose that each node in G belongs to some T ∈ T.
Let x, y and z be the node vertices of some T and let T [x, y], T [y, z] and T [z, x] be the
branches of T. Clearly, the parity of the length of the branches can be (i) odd, odd, odd or
(ii) odd, even, even. If (i) is true for all T ′ ∈ T, then a contradiction is obtained as follows.
We contract each T ′ to a single node. The resulting graphG′ satisﬁes the hypothesis of the
theorem and, by minimality of |V (G)|, contains a removable even circuit C. We can map
this circuit to a removable even circuit in G by replacing each node in C with a branch of
odd length in the corresponding T ′. Hence, suppose that (ii) is true for some T ∈ T.We can
assume that the branches in T have lengths 2, 2 and 1. Otherwise, replacing a branch with a
shorter one with the same parity results in a graphG′ in which, by minimality, there exists a
removable even circuit, and this circuit corresponds in an obvious way to a removable even
circuit in G. Let t1 and t2 be the two vertices of degree 2 in T. We obtain a new graph by
deleting the edge in the path of length one and replacing it with an edge t1t2. By repeating
this operation for all T ∈ T for which (ii) is true, we obtain a graphG′ for which (i) is true
for all T ∈ T. A removable even circuit exists forG′ as above, and this circuit corresponds
to a removable even circuit in G, a contradiction.
Following the above arguments we can assume that each T ∈ T is a 3-circuit. If (i) holds
for T then T is a 3-circuit by minimality, and if (ii) holds then we can obtain a new graphG′
as above, which is such thatG′ has a removable even circuit if and only ifG has a removable
even circuit.
Let v be chosen such that either v ∈ V (T ) for T ∈ T and the node in Ns(G)(v)\V (T )
does not belong to any T ′ ∈ T, or v /∈V (T ) for any T ∈ T and this is true for each node
u ∈ Ns(G)(v).
Now considerG−Bv. SinceG does not contain any non-trivial cyclic 3-edge cuts,G−Bv
is cyclically 3-edge connected. Let {x, y, z}=Ns(G)(v). Suppose thatG−Bv is non-planar.
Byminimality, there exists a removable even circuitC inG−Bv. If {x, y, z}V (C) thenC is
a removable even circuit in G, a contradiction. So suppose that {x, y, z} ⊆ V (C) occurring
in order (x, y, z) around C. Then the paths of the three segments of C deﬁned by x, y and
z have parities (a) even, even and even or (b) odd, odd and even. In both cases it is easy to
check that one of the circuits C[x, y] ∪B[v, x] ∪B[v, y], C[y, z] ∪B[v, y] ∪B[v, z], and
C[z, x] ∪ B[v, z] ∪ B[v, x] is an even removable circuit.
Suppose that G−Bv is planar and let {x, y, z} be labelled such that x does not belong
to a 3-circuit. Let G∗ be a planar embedding of G−Bv. Since G−Bv is cyclically 3-edge
connected, each face of G∗ is bounded by an odd circuit. Let x ∈ V (B[w1, w2]) for
B[w1, w2] a branch ofG−Bv. Let F1 and F2 be the two face circuits incident to B[w1, w2]
in G∗. Then G∗ − E(Fi) has just one non-trivial component for i = 1, 2. First, notice that
y and z cannot both belong to either F1 or F2 since this would imply that G is planar.
Furthermore, neither y nor z can belong to either F1 or F2. For if y, say, belongs to F1 then
C′=B[v, x]∪B[v, y]∪F1[x, y] can be chosen such thatC′ is an removable even circuit inG.
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Let C be the circuit induced by E(F1)E(F2). Then C is even and so we can assume
that G − E(C) contains at least two non-trivial components. Let H be the component of
G−E(C) that contains x, y and z and let J1 be a non-trivial component ofG−E(C)−H . In
G∗,H −B[w1, w2] and J1 cannot be overlapping bridges ofC. Thus it is possible to choose
c1, c2 ∈ V (C) such that V (H) ∩ V (C)\{w1, w2} belong to C[c1, c2] and V (J1) ∩ V (C)
belong toC[c2, c1]\{c1, c2}. LetB[w1, w2] be labelled such thatw1 ∈ C[c2, c1]. Then there
exists a 3-edge cut S′ of G, choosing two edges from C[c2, c1], one incident to each of c1
and c2, and an edge from B[x,w1]. However, since G contains no non-trivial cyclic 3-edge
cuts one component of G− S′ contains just one circuit, a 3-circuit u1, u2, u3. Since G∗ is
a planar embedding we can label u2 = w1, then J1K2. By symmetry, it is also possible
that w2 belongs to a 3-circuit, w2, v1, v3, and that there is another component J2K2 in
G∗ − E(C). However, if this is the case then the circuit obtained by replacing u1, w1, u3
with u1, u3 and v1, w2, v3 with v1v3 in C is a removable even circuit.
Now consider G − Bw1. As above, we may assume that G − Bw1 is planar. Let G∗∗
be a planar embedding of G − Bw1. Then w2, x, v, y belong to one face F ∗1 of G∗∗
and w2, x, v, z belong to another face F ∗2 of G∗∗. Note that since there are no non-trivial
cyclic 3-edge connected cuts w2 ∈ C[c1, c2]\{c1, c2}. Thus, F ∗1 ∩ C is a path in C[c1, c2],
C[r1, w2], and F ∗2 ∩C is a path inC[c1, c2],C[w2, r2]. LetC∗ be the circuit induced by the
edges of E(F ∗1 )E(F ∗2 ). Then C∗ is an even circuit. As above, we ﬁnd that either w2 or v
belongs to a 3-circuit. Sincew2 does not belong to a 3-circuitG[y, z] is the only degenerate
bridge of C∗.
Let C′ be the circuit induced by the edges of E(C∗)E(C). ThenG[y, z] andG[u1, u3]
are degenerate bridges of C′ and the only other degenerate bridges that can occur form
3-circuits with r1 and r2. If the total number of degenerate bridges is even then the even
circuit that results from replacing v, w1 = u2 and zero or both of r1 and r2 with degenerate
bridges of C∗ is an even removable circuit. So suppose that the number of degenerate
bridges is odd and that either r1 or r2 does not belong to a 3-circuit, say r1. Suppose further
that r1 ∈ V (F1). Let F ′′ be the even circuit induced by the edges F1F ∗1 . Then F ′′ is a
removable even circuit in G, a contradiction.
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